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Context

And notations

Design algorithms with good complexity bounds for
fundamental operations on polynomials and matrices

Base Field K Algebraic Complexity

Upper bound on the
Z/pZ, ]Fpe' Q... number of operations in K

Exact Computations
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Introduction

Context

And notations

Design algorithms with good complexity bounds for
fundamental operations on polynomials and matrices

Algebraic Complexity
Upper bound on the

number of operations in K

Exact Computations 53 (Rl IS
. Z/pZ, Fpe, Q, ...

Notations:
e O: asymptotic bound hiding logarithmic factors.

e M(d): cost of multiplying two polynomials of degree less than d in K[z].
~ O(dlog(d)log(log(d))) = O(d) on all fields K [Cantor, Kaltofen 1991].

@ w: exponent of matrix multiplication, 2 < w < 3, best known w = 2.371 [Alman et al. 2025].
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Structured matrices

Displacement rank approach

Example: Toeplitz matrix
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Structured matrices

Displacement rank approach

Example: Toeplitz matrix

K4><4
aop al a2 as
a_3 ag ay az
a_o a_1 aog ay
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Introduction

Structured matrices

Displacement rank approach

Example: Toeplitz matrix

K4><4
ap al az as
a_3 ag ay az
a_o a_1 aog ay

A € Kmxn

Displacement rank:
The rank of the image of A through the displacement operator ¢.

Toeplitz-like structure:

KmXn  __y gKmXn
A A~ Sy -A-ST

Sn = o € Knxn
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Introduction

Structured matrices

Displacement rank approach

Example: Toeplitz matrix

Kix4 S - A - SIL Displacement result
ap al az as 0 0 0 0 g il g2 as
a—1 ag ai a2 _ 0 ao ai as _ a—1 0 0 0
a2 a-1 ap a1 0 a_1 ay  ai a—z 0 0 0
a_3 a_z a—_j ao 0 a_s a_1 ag a_3 0 0 0
A e Km)(n

Displacement rank:
The rank of the image of A through the displacement operator ¢.

Toeplitz-like structure:

KmXn  __y gKmXn
i A 3 A—Sp-A-ST

Sn = o € Knxn
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Introduction

Structured matrices

Displacement rank approach

Example: Toeplitz matrix

Kix4 S - A - SIL Displacement result
ap al az as 0 0 0 0 g il g2 as
a—1 ag ai a2 _ 0 ao ai as _ a—1 0 0 0
a2 a-1 ap a1 0 a_1 ay  ai a—z 0 0 0
a_3 a_z a—_j ao 0 a_s a_1 ag a_3 0 0 0
A e Km)(n

Displacement rank:
The rank of the image of A through the displacement operator ¢.

Toeplitz-like structure:

KmXn  __y gKmXn
i A 3 A—Sp-A-ST

Generators:
(G,H) € Km*® x K"*“ are called ¢-generators of length o for A if

#(A)=G-HT.
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Introduction

Structured matrices

Displacement rank approach

Example: Toeplitz matrix

Kix4 S - A - SIL Displacement result
aog ai az as 0 0 0 0 ao ai az as
a_1 aop al a _ 0 ao ai as _ a—1 0 0 0
a2 a-1 ap a1 0 a_1 ay  ai a—z 0 0 0
a_3 a_2 a_j ag 0 a_» a_1 ao a_3 0 0 0

G HT Displacement result
aop 1 ag ai az as
a1 O 1 0 0 0 a_1 0 0 0
X 0 =
a_o 0 ai a2 as a_o 0 0 0
a_3 O a_s 0 0 0
4x2
G e K**2 HekK Displacement rank o = 2
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Introduction

Displacement operators
Structured-like matrices
P E Kmxm’ Q E KTLX?’L.

Stein operator:
K'mxn — Kan
ara 1 G vIP.Ql:

Sylvester operator:
Km Xn — K'm Xn
A — PA — AQ
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Introduction

Displacement operators
Structured-like matrices
P E Km)(m’ Q E Knxn.

Stein operator: Sylvester operator:

Kan K'mxn

K'mxn — Km)(n
APQ: A — PAQ vP.Ql: s > PA — AQ
Choice of P and Q:
X1 0 1
T2 1 0 )
01
0

Tn

5
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Introduction

Displacement operators

Structured-like matrices
PEKme QEK’VLXH

Stein operator:
K'mxn — Km)(n
AP.Q): A — A — PAQ VIP.Q]: A

Choice of P and Q:

Sylvester operator:
Km Xn — K'm Xn
— PA — AQ

AlP,Q]

Toeplitz-like
— T

5
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Introduction

Displacement operators

Structured-like matrices

PEKme’QEKan.
Stein operator: Sylvester operator:

K'mxn — Km)(n Kan — K'mxn
APQ: A — PAQ vP.Ql: s > PA — AQ

Choice of P and Q:
AP, Q]

Hankel-like Hankel-like

Toeplitz-like
— T

5
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Introduction

Displacement operators

Structured-like matrices

PEKme’QEKan.
Stein operator: Sylvester operator:

K'mxn — Km)(n Kan — K'mxn
APQ: A — PAQ vP.Ql: s > PA — AQ

Choice of P and Q:

AlP,Q]

Cauchy-like Hankel-like Hankel-like

Toeplitz-like
— T

G
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Introduction

Displacement operators

Structured-like matrices

P E Kmxm Q E K’?’an.
Stein operator: Sylvester operator:
Kan K'mxn

K'mxn — Km)(n
APQ: A — PAQ vP.Ql: s > PA — AQ

Choice of P and Q:

AP, Q]
Vandermonde-like
Cauchy-like / Hankel-like \ Hankel-like
Vandermonde—llke Toeplltz»llke
D(X)
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Introduction

Displacement operators

Structured-like matrices
PEKme QEK’VLXVL

Stein operator:
K'mxn — Km)(n
AP.Q): A — A — PAQ VIP.Q]: A

Choice of P and Q:

Sylvester operator:
Km Xn — K'm Xn
— PA — AQ

AlP, Q] Vdm-transposed-like

Vandermonde-like

/ Hankel-like

Vdm-transposed-like

g

Vandermonde-like
_— — —

Hankel-like

Cauchy-like

Toeplitz-like
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Introduction

Displacement operators

Structured-like matrices

Pc KmXm Qe KnXn.

Stein operator: Sylvester operator:
Kmx n K™ Xn

K'mxn — Kmxn
APQE: ) — A — PAQ VIP.Q: 8 — PA — AQ
Choice of P and Q:

AP, Q] Vdm-transposed-like

Vandermonde-like

/ Hankel-like

Vdm-transposed-like

g

Cauchy-like Hankel-like

T litz-lik
A Vandermonde- Ilke oeplitz-like —_
—
Vandermonde- ||ke \ Hankel-like —
Vdm- transposed like

Toeplitz-like

Cauchy-like Toeplitz-like

Vandermonde-llke
Vdm-transposed-like

VI[P, Q]
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Introduction

Displacement operators

Structured-like matrices

Pc KmXm Qe KnXn.

Stein operator: Sylvester operator:
Kmx n K™ Xn

K'mxn — Kmxn
APQE: ) — A — PAQ VIP.Q: 8 — PA — AQ
Choice of P and Q:

AP, Q] Vdm-transposed-like

Vandermonde-like

/ Hankel-like
Vdm-transposed-like
Vandermonde-like Toeplitz-like
(5 )
—r
Vandermondeflike — Hankel-like —
Vdm-transposed-like

\ Toeplitz-like Toeplitz-like

Vandermonde-like

Cauchy-like Hankel-like

Cauchy-like

VI[P, Q] Vdm-transposed-like
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Introduction

Structured matrices

Classical families of structured matrices

Vandermonde matrices (o =

Toeplitz matrices (o = 2)

ag al az as
a—1 ao al a2
a_2 a—1 ag a1

a_3 a-2 a-1 Qo

Cauchy matrices (o = 1)

1 1 1
11—y 1 — Y2 1 — Y3
1 1 1
2 — Y1 T2 — Y2 Z2 — Y3
1 1 1

1)

Toeplitz-like structure:

#(A) = AlSm,ST](A) = A —Sp - A- ST,

Vandermonde-like structure:
For a repetition-free x = [z1,...,Zm],

$(A) = AD(x),S;](A) = A —D(x) - A- S},

Cauchy-like structure:
For disjoint and repetition-free
X=[T1,--yTm], Y = [Yly- -, Yn]s

$(A) = V[D(x),D(y)] = D(x) - A — A - D(y)

Sara Khichane (Sorbonne Université)
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Structured linear system

Background and motivations
A € Kmxn

Problem 1:
LinearSystem|[¢, (G, H, v)

Using ¢-generators of A: G € K™X® H € KX v ¢ KmX1

find a nonzerou € K"*! suchthat A -u = v
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Introduction

Structured linear system

Background and motivations

A € Kmxn

Problem 1:
LinearSystem|[¢, (G, H, v)

Using ¢-generators of A: G € K™X® H € KX v ¢ KmX1

find a nonzerou € K"*! suchthat A -u = v

~» ¢ has to be invertible.
Toeplitz-like matrices

H(A) =A—Sp,-A-ST

aop ai az as
a—1 ag al a2
. . ¢-2 @-1 G @& Cauchy-like matrices
Vandermonde-like matrices B(A) ]D?E )-A—A-D(y)
a—3 a—o a—1 aop = X) - — .
$(A) =A—D(x)-A-ST Y
1 1 1
1 1.% z% .7:? Izll ] — Y1 T — Y2 x1 — Y3
1 1 1
1 o3 23 2§ aof T2-y1  T2-Y2 T2—Y3
2 3 4 1 1 1

T3—Y1  T3—Y2 T3 —Y3

X is repetition-free. L ",
e P ~> x and y are disjoint and repetition-free.
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Introduction

Structured linear system

Background and motivations

A € Kmxn
Problem 1:
LinearSystem|[¢, (G, H, v)
Using ¢-generators of A: G € K™X® H € KX v ¢ KmX1

find a nonzero u € K"*! suchthat A - u = v

Problem 2:
Nullspace[¢, ] (G, H)
Using ¢-generators of A: G € K™** H ¢ Knx«
find{z € K**! : A.z = 0}

Problem 3:

Rank(é, a] (G, H)
Using ¢-generators of A: G € Km*Xa H ¢ KX«
find the rank of A
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Introduction

Structured linear system

Background and motivations

A € Kmxn

Problem 1:
LinearSystem([¢, a](G, H, v)

Using ¢-generators of A: G € KX H ¢ K"*X® v ¢ Kmx1

find a nonzero u € K"*! suchthat A - u = v
State of the art:
m = max(m,n)
Authors / Year Structure Type Complexity
[Kailath, Kung, Morf 1979] Toeplitz-like deterministic O(am?)
[Bitmead, Anderson 1980], [Morf 1980] Toeplitz-like genericity O(a? M(m) log(m))
Under generic rank profile assumption
[Kaltofen 1994, 1995] Toeplitz-like randomized O(a? M(m) log(m))
Vandermonde-like, Reduction to Toeplitz-like

[Pan 1990], [Gohberg, Olshevsky 1994] randomized

Cauchy-like case

Vandermonde-like,

[Cardinal 1999], [Pan, Zheng 2000] Cauchy-like

randomized O(a? M(m) log(m))

[2[(3)858ta;61J7e]annerod, Mouilleron, Schost General randomized O(a“’_lM(ﬁL) log(m))
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Introduction

Structured linear system

Background and motivations

A € Kmxn

Problem 1:
LinearSystem|[¢, (G, H, v)

Using ¢-generators of A: G € KX H ¢ K"*X® v ¢ Kmx1

find a nonzero u € K"*! suchthat A - u = v
State of the art:
m = max(m,n)
Authors / Year Structure Type Complexity
[Kailath, Kung, Morf 1979] Toeplitz-like deterministic O(am?)
[Bitmead, Anderson 1980], [Morf 1980] Toeplitz-like genericity O(a? M(m) log(m))
Under generic rank profile assumption
[Kaltofen 1994, 1995] Toeplitz-like randomized O(a? M(m) log(m))
Vandermonde-like, Reduction to Toeplitz-like

[Pan 1990], [Gohberg, Olshevsky 1994] randomized

Cauchy-like case

Vandermonde-like,

[Cardinal 1999], [Pan, Zheng 2000] Cauchy-like

randomized O(a? M(m) log(m))

[2%858ta;61J7e]annerod, Mouilleron, Schost General randomized O(a“’_lM(ﬁL) log(m))

The algorithms are randomized!
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Structured linear system

Background and motivations
A € Kmxn

Problem 1:
LinearSystem|[¢, (G, H, v)

Using ¢-generators of A: G € K™** H ¢ KXo vy ¢ Km*1
find a nonzerou € K"*! suchthat A - u = v

Randomization:

Kaltofen's Leading Principal Inverse algorithm

Generic rank profile

a1 a2 a3 - aip bir b1z bz - bin
a; a a; Soeag P . b; b, b, o b
2 22 2 2n Multiplication by random matrices 21 22 22 2n
asl @32 a3z o A3 ~—~——— bs1 bsa b3z --- ban
fdnt o Gn2 fnm bur baz bus e ban

One of the issues with randomization

The field K has to be large enough for the algorithms to work with positive probability.
E.g., 15000 X 15000 system with o = 30 solved in < 1 sec, but requires |K| > 2.25 - 10% = 150002.
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Introduction

Structured linear system

Background and motivations

A € Kmxn
Problem 2: Problem 3:
Nullspace[¢, a](G, H) Rank[¢, ](G, H)
Using generators of A: find a basis of Using generators of A:
the nullspace {z € K**! : A.z = 0} find the rank of A
State of the art:
m = max(m,n)
Authors / Year Structure Type Complexity
[Kailath, Kung, Morf 1979] Toeplitz-like deterministic O(am?)
[Bitmead, Anderson 1980], [Morf 1980] Toeplitz-like genericity O(a?M(m) log(m))
Under generic rank profile assumption
[Kaltofen 1994, 1995] Toeplitz-like randomized O(a? M(m) log(m))

Vandermonde-like, . Reduction to Toeplitz-like
randomized

[Pan 1990], [Gohberg, Olshevsky 1994] Cauchy-like case

[Cardinal 1999], [Pan, Zheng 2000] \C/z:g:;r-r;icl)(r;de-llke, randomized O(a? M(m) log(m))
; 7 + 7 c ; Ofal =L Mim ) oslm))

20082017}

Dense matrix multiplication was not introduced for the structured nullspace and rank problems!
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Main results

Main result

Fast deterministic algorithm

A € Kmxn

Problem 1:
LinearSystem|[¢, (G, H, v)

Using ¢-generators of A: G € K™** H ¢ KXo vy ¢ Km*1

find nonzerou € K"*! suchthat A - u = v

Theorem (K., Neiger 2026)
For ¢ € {Toeplitz-like, Vandermonde-like, Cauchy-like} and over any field K:

We can deterministically solve LinearSystem|[¢, o] in

O(a¥ =} (M(m) log(m) + M(n) log(n)?)) = O(a* " - max(m, n)).

May 28th, 2026 7/20
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Main results

Main result

Fast deterministic algorithm

A € Kmxn

Problem 1:
LinearSystem|[¢, (G, H, v)

Using ¢-generators of A: G € KX H ¢ K"*X® v ¢ Kmx1

find nonzerou € K"*! suchthat A - u = v

Theorem (K., Neiger 2026)
For ¢ € {Toeplitz-like, Vandermonde-like, Cauchy-like} and over any field K:

We can deterministically solve LinearSystem[¢, o] and Nullspace[¢, o] in

(a1 (M(m) log(m) + M(n) log(n)?)) = O(a* " - max(m, n)).

Problem 2:
Nullspace[¢, ] (G, H)

Using generators of A:
G € KmX® H ¢ Knx«

find a basis of the nullspace
{z € KXl : A.z = 0}

Sara Khichane (Sorbonne Université) Matrices with displacement structure: a deterministic approach May 28th, 2026 7/20



Main results

Main result

Fast deterministic algorithm

A € Kmxn

Problem 1:
LinearSystem|[¢, (G, H, v)

Using ¢-generators of A: G € KX H ¢ K"*X® v ¢ Kmx1

find nonzerou € K"*! suchthat A - u = v

Theorem (K., Neiger 2026)

For ¢ € {Toeplitz-like, Vandermonde-like, Cauchy-like} and over any field K:
We can deterministically solve LinearSystem[¢, o], Nullspace[¢, o and Rank[¢, o] in

(a1 (M(m) log(m) + M(n) log(n)?)) = O(a* " - max(m, n)).

Problem 2: Problem 3:
Nullspace[¢, ] (G, H) Rank[¢, a](G, H)
Using generators of A: Using generators of A:
G 6 KMXCY’H 6 K?’LXCY G 6 KmXCV’H 6 KTLXCK
find a basis of the nullspace find the rank of A

{z € KXl : A.z = 0}
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Key tools: Approximation problems

Key tools: Approximation problems
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Key tools: Approximation problems

Structured vs polynomial

Link between the two approaches

VictorY. Pan

STRUCTURED MATRICES
AND POLYNOMIALS

Unified Superfast Algorithms

Structured approach

Polynomial approach
Coefficient entries

Polynomial entries
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Key tools: Approximation problems

Structured vs polynomial

Link between the two approaches

Previous work:
[Bostan, Jeannerod, Mouilleron, Schost 2008, 2017]

1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
]

1

1

1

1

1

I

1 .

VectorMPade LinearSystem

! L—— Reduction [2008] ——

' figr o+ fagn = 0mod M eduction [2008] I Randomized algorithm [2008, 2017]
1
1
1
1
1
1

Polynomial approach Structured approach
Polynomial entries Coefficient entries
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Key tools: Approximation problems

Structured vs polynomial

Link between the two approaches

Contribution:

1 1
1 1
1 VectorMPade !
: [Jeannerod, Neiger, X
! Schost, Villard 2016, 2020] !
1 . 1
. LinearSystem .
X ! Randomized algorithm [2008, 2017] |
1 1 Deterministic algorithm [our work] 1
1 1 1
| SimultMPade | |
1 [Rosenkilde, Storjohann 2021] 1 1 1
1 1 1 1
| 1 | 1
\ 1 \ 1
~ _ 4 S _ ’
Polynomial approach Structured approach
Polynomial entries Coefficient entries
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Key tools: Approximation problems

Vector M-Padé approximation

Problem definition and main results

VectorMPade(M € K[z]n,F € K[z]™**,v € K[z])

Find a small-degree basis of solutions for
{p € Klz]* | F-p = vmod M}

fipi + fap2 + -+ + fapa = v mod M

Sara Khichane (Sorbonne Université) Matrices with displacement structure: a deterministic approach



Key tools: Approximation problems

Vector M-Padé approximation

Problem definition and main results

VectorMPade(M € K[z]n,F € K[z]™**,v € K[z])

Find a small-degree basis of solutions for
{p € Klz]* | F-p = vmod M}

fip1 + fep2 + -+ + fapa = v mod M
Fundamental problems:

o Hermite-Padé approximation when M = z™,
o Berlekamp—Massey algorithm when M = 2™ and o = 2,

o Rational interpolation when M = (z — a1) - - - (z — an) with a;'s distinct.

Sara Khichane (Sorbonne Université) Matrices with displacement structure: a deterministic approach



Key tools: Approximation problems

Vector M-Padé approximation

Problem definition and main results

VectorMPade(M € K[z]n,F € K[z]™**,v € K[z])

Find a small-degree basis of solutions for

{p € Kfz]®

| F-p =

v mod M}

fip1 + fap2 + - + fapa = v mod M

State of the art:

Authors / Year Modulus Type Complexity
[Beckermann, Labahn 1994] z" or homogeneous | O(a®n)
[Giorgi, Jeannerod, Villard 2003]
[Storjohann 2006]
z" homogeneous | O(a® M(n/a)log(n))
[Zhou, Labahn 2012]
[Jeannerod, Neiger, Schost, Villard 2020]
Sara Khichane (Sorbonne Université) Matrices with displacement structure: a deterministic approach May 28th, 2026 9 /20




Key tools: Approximation problems

Vector M-Padé approximation

Problem definition and main results

VectorMPade(M € K[z]n,F € K[z]™**,v € K[z])

Find a small-degree basis of solutions for
{p € Klz]* | F-p = vmod M}

fip1 + fap2 + - + fapa = v mod M
State of the art:

Authors / Year Modulus Type Complexity
[Beckermann, Labahn 1994] z" or homogeneous | O(a®n)
[Giorgi, Jeannerod, Villard 2003]
[Storjohann 2006]
z" homogeneous | O(a® M(n/a)log(n))
[Zhou, Labahn 2012]
[Jeannerod, Neiger, Schost, Villard 2020]
Nonhomogeneous case (v # 0) with an arbitrary M.
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Key tools: Approximation problems

Vector M-Padé approximation

Problem definition and main results

VectorMPade(M € K[z]n,F € K[z]™**,v € K[z])

Find a small-degree basis of solutions for
{p € Klz]* | F-p = vmod M}

fipi + fap2 + -+ + fapa = v mod M

@ Arbitrary modulus: Reduction to the case M = z™ in [Neiger 2016].

Nonhomogeneous case (v # 0) with an arbitrary M.
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Key tools: Approximation problems

Vector M-Padé approximation

Problem definition and main results

VectorMPade(M € K[z]n,F € K[z]™**,v € K[z])

Find a small-degree basis of solutions for
{p € Klz]* | F-p = vmod M}

fipi + fap2 + -+ + fapa = v mod M

@ Arbitrary modulus: Reduction to the case M = z™ in [Neiger 2016].

@ Nonhomogeneous case:

Input: Output:
E-q=0modz" T~ T~ — P s
E=[F —v]e K[x]lx(a+1) Q= [0 1:| Popov form

Nonhomogeneous case (v # 0) with an arbitrary M.
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Key tools: Approximation problems

Simultaneous M-Padé approximation

Problem definition and main results

SimultMPade(M € K[z],,F € K[z]**!,v € K[z]*,d = (d1,...,da))
Find a basis of solutions for

{p € K[z],q € K[z]*,deg(q;) < d; | F-p = (9 + v) mod M}

fip =(q1 + v1) mod M
f2p =(q2 + v2) mod M

fap =(qa + va) mod M
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Key tools: Approximation problems

Simultaneous M-Padé approximation

Problem definition and main results

SimultMPade(M € K[z],,F € K[z]**!,v € K[z]*,d = (d1,...,da))
Find a basis of solutions for

{p € Klz],q € K[z]*,deg(¢;) < di | F-p = (q + v) mod M}

fip =(q1 + v1) mod M
fop =(g2 + v2) mod M

fap =(qa + va) mod M

State of the art:
e [Van Barel, Bultheel 1992] in O(a3n?),
e [Olesh, Storjohann 2007] in O(an),
e [Rosenkilde, Storjohann 2016, 2021] in O(a M(n/a)log(1l + n/a) + aM(n)log?(n)).

O(a“’*ln)

~~ computes p only, not the g;’s.

Sara Khichane (Sorbonne Université) Matrices with displacement structure: a deterministic approach May 28th, 2026 10 / 20



Structured linear system: Toeplitz-like case
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Structured linear system: Toeplitz-like case

Polynomial formulation

Step zero

LinearSystem|[Toeplitz-like, o] (G, H, v)
Using generators of A, find u such that A-u = v

A-u=v

& Zgl(x) - (hi(z) - u(z) quo ™) mod 2™ = v(x)
i=1
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Structured linear system: Toeplitz-like case

Polynomial formulation

Step zero

LinearSystem|[Toeplitz-like, o] (G, H, v)
Using generators of A, find u such that A-u = v

A-u=v

& Zgl(ac) - (hi(z) - u(z) quo ™) mod 2™ = v(x)

i=1
G 0 0 Hui Heponi - Hu u1 Vi
o3 Go; Gy .0 0 Hans <o Ha uz V2
&> -
=1 . . . . : : . : . :
Gmi Gim-1i - Gu 0 0 o Hy, Un Vm

Square X-LU decomposition of A € K[z]"*"™ [Pan 2001]

Given ¢(A) = G- HT, we have A = 3% | L(G.;) - U(H.;).
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Structured linear system: Toeplitz-like case

Polynomial formulation

Step zero
LinearSystem|[Toeplitz-like, o] (G, H, v)
Using generators of A, find u such that A-u = v
m<n
A-u=v
[e%
& Zgl(ac) - (hi(z) - u(z) quo ™) mod 2™ = v(x)
i=1
G 0 o0 Hni Hepo1yi o0 Hgemgne - Hu u v
[e3
Ga; Gy 0 0 Hni - Hpomegoy, -+ Ha uz v
sy | C .
=1 : : :
Gmi  G(m—1)i Gii 0 0 H,. o Hy up Vi

X-LU decomposition of A € K[z]™*™ [Pan, Wang 2003]

Given ¢(A) =G - HT, we have A = Z?:l H—‘min(m,n)(G*i) ' Umin(m,n)(H*i)-
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Structured linear system: Toeplitz-like case

Polynomial formulation

Step zero
LinearSystem|[Toeplitz-like, o] (G, H, v)
Using generators of A, find u such that A-u = v
m<n
A-u=v
[e%
& Zgl(x) - (hi(z) - u(z) quo ™) mod 2™ = v(x)
i=1
gi(x) hi(@) u(x) v(x)
Gii 0 0 Hni Hepo1yi o0 Hgemgne - Hu o Vil
- i Ga; Gy 0 0 Hni - Hpomegoy, -+ Ha uz _ v2
i=1 : : : :
Gmi Gan-1)i -+ Gu 0 0 H,. Hoi un Vin
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Structured linear system: Toepl ke case

Polynomial formulation

Step zero
LinearSystem|[Toeplitz-like, o] (G, H, v)
Using generators of A, find u such that A-u = v
m<n
A-u=v
[e%
& E gi(2) - (hi(z) - u(z) quo 2™ ') mod 2™ = v(x)
—
¢ hi(z)u(z) quo z™~!
Gui 0 0 Hui Heonyi o0 Hemgny Hi; o v
Ga; Gii 0 0 Hpi so0 [lpemmumy 220 [k uz V2
Gmi Gim-1i - Gu 0 0 H,: o Hy un Vi
Hpiui 4+ Heponuz + -+ Heomgnitm  + 0+ Hiun
Hpiuz + -+ + Hp-miz)ium + - + Hzun
Hpium + - + Hpiun
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Structured linear system: Toepl ke case

Polynomial formulation

Step zero
LinearSystem|[Toeplitz-like, o] (G, H, v)
Using generators of A, find u such that A-u = v
m<n
A-u=v

& Zgi (z) - (hi(z) - u(z) quo z"fl) mod z™ = v(x)
i=1

hi(z)u(z) quo x"~!

G 0 .0 Hni Hmo1)i o Hapemtyi o v
Ga; Gii 2o 0 0 Hpi o Hm—mg2)i - Hx uz v
G Gr1yi oo Gy ’ ’ ’ . .
mi G(m-1)i 1i @ @ Hyi Mo un Vin
gi(z) - (hi(z)u(r) quo 2"~ 1) mod =™
Gon Hpiun 4+ Hepoguz + o0+ Hepomgayium +
Goip1 + Giip2 Hpiug + -+ + Hup-miz)itm +
GmiP1 + Gen_1iP2 + - + Giipm Hoitim "
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Structured linear system: Toeplitz-like case

Polynomial formulation

Step zero
LinearSystem|[Toeplitz-like, o] (G, H, v)
Using generators of A, find u such that A-u = v
m<n
A-u=v

& Zgi (z) - (hi(z) - u(z) quo z"fl) mod z™ = v(x)

G 0 .0 Hni Heponi o Hapemgn o Hu o v
ot Ga; Gy oo (0 0 Hni o Hm—mg2)i - Hx uz v
= E . o =
2:1 . . . . - - -
Eor Gy 0 G . .
(m—1)i L 0 0 Hons oso  [Hlos u v
LinearSystem[Toeplitz-like, a](G,H,v) ~ Pelnonil Find u(x) such that
ormulation
. < s —1
Find u such that E gi(z) - (hi(z) - u(z) quo z™ 1)
A-u = v i=1 =

v(z) mod ™
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Structured linear system: Toeplitz-like case

Vector M-Padé approximation

First step
Find u(x) such that
Zgl(w) (hi(=) - u(z) quo ™~ 1) = v(z) mod z™
=
hi(z)
& [gi(z) - ga(@)]- ~u(z) quo z" 1 | = v(z) mod ™
ha ()
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Structured linear system: Toeplitz-like case

Vector M-Padé approximation

First step

Find u(x) such that

Zgl(w) (hi(=) - u(z) quo ™~ 1) = v(z) mod z™
=1

VectorMPade: Find basis of solutions for {F - p = v(z) mod z™}
p1(z)
& [gn@) - ga(@)]- = v(z) mod =™

FEK[z]1 X a(z)

Sara Khichane (Sorbonne Université) Matrices with displacement structure: a deterministic approach



Structured linear system: Toeplitz-like case

Vector M-Padé approximation

First step

Find u(x) such that

Zgl(w) (hi(=) - u(z) quo ™~ 1) = v(z) mod z™
=1

VectorMPade: Find basis of solutions for {F - p = v(z) mod z™}
p1(z)
& [gn@) - ga(@)]- = v(z) mod =™

FEK[z]1 X a(z)

e P € K[z]*X* a Popov basis of {q € K[z]**! | F-q = 0mod 2™}
e s € K[z]**! such that F - s = v(x) mod 2™

p1(z)
: =P-A+s
o (T)
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Structured linear system: Toeplitz-like case

Vector M-Padé approximation

First step

Find u(x) such that

Zgl(x) (hi(=) - u(z) quo ™~ 1) = v(z) mod z™
=1

VectorMPade: Find basis of solutions for {F - p = v(z) mod z™}
p1(z)
& [gn@) - ga(@)]- = v(z) mod =™

FEK[z]1 X a(z)

e P € K[z]*X* a Popov basis of {q € K[z]**! | F-q = 0mod 2™}
e s € K[z]**! such that F - s = v(x) mod 2™

ha(z)
wz) quoa™ P =P-A+s
ha ()

Find u(z) such that
& 1 VectorMPade Find u(z) such that
epl@) - (@) - o) e &) h-u(z)quoa™ 1 =P -A+s

=t = v(z) mod z™
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Structured linear system: Toeplitz-like case

Vector M-Padé approximation

First step

Find u(x) such that

Zgl(x) (hi(=) - u(z) quo ™~ 1) = v(z) mod z™

=
VectorMPade: Find basis of solutions for {F - p = v(z) mod z™}
p1(z)
& [gn@) - ga(@)]- = v(z) mod =™

FEK[z]1 X a(z)

e P € K[z]*X* a Popov basis of {q € K[z]**! | F-q = 0mod 2™}
e s € K[z]**! such that F - s = v(x) mod 2™

revp—1(h1(x))
: revp—1(u(z)) mod 2™ =P-X+5
revy—1(ha(z))

Find u(z) such that
& ) VectorMPade Find u(z) such that
() - (hi () - n—1y g ectorlPade o i
Zgz(w) (hi(x) - u(z) quo ™) h-revn_i(u(z)) modaz™ =P -\ +5

=t = v(z) mod z™
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Structured linear system: Toeplitz-like case

Compressing the problem

Second step

Find u(x) such that
h - rev,—1(u(z)) modz™ = P - X +5
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Structured linear system: Toeplitz-like case

Compressing the problem

Second step

Find u(x) such that
h - rev,—1(u(z)) modz™ = P - X +5

< h-revy,_1(u(x)) —5—P- X =0 mod 2"
revy—1(u(z))
o -5 -P]- 1

A

= 0 mod z™
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Structured linear system: Toeplitz-like case

Compressing the problem

Second step

Find u(x) such that
h - rev,—1(u(z)) modz™ = P - X +5

< h-revy,_1(u(x)) —5—P- X =0 mod 2"

revyp—1(u(z))

<:>[E —s _|5}. 1 = 0 mod z™
—_————
FEK[z] X (+2) A
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Structured linear system: Toeplitz-like case

Compressing the problem

Second step

Find u(x) such that
h - rev,—1(u(z)) modz™ = P - X +5

< h-revy,_1(u(x)) —5—P- X =0 mod 2"

revyp—1(u(z))

<:>[E —s _|5}. 1 = 0 mod z™
N—— —
FEK[z] X (+2) A

<P th-revy—1(u(z)) —P~!-5= X mod ™
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Structured linear system: Toeplitz-like case

Compressing the problem

Second step

Find u(x) such that
h - rev,—1(u(z)) modz™ = P - X +5

<P 1.h- revy—1(u(r)) — P~1.5=Xmod 2"

Definition

P is in Popov form < cIm(P) is invertible and rim(P) = I,.

Example.
3 + 2z + 0z? 1413 0 1
P= cm(P) = invertible
14 122 1+ 4z + 023 Lo
degree 2 degree 3

Matrices with displacement structure: a deterministic approach

Sara Khichane (Sorbonne Université)



Structured linear system: Toeplitz-like case

Compressing the problem

Second step

Find u(x) such that
h - rev,—1(u(z)) modz™ = P - X +5

<P 1.h- revy—1(u(r)) — P~1.5=Xmod 2"

Definition

P is in Popov form < clm(P) is invertible and rim(P) = I,.

Example.
3 + 2z + 0z2 1+ 123 0 1
P= cm(P) = invertible
14 1z2 1+ 4z + 0x3 10
degree 2 degree 3
~ 3x3 + 2z + 0 z3+1 P(0) is invertible = det(P)(0) # 0 =
P = _
2241 23 +422 40 det(P) is coprime with x.
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Structured linear system: Toeplitz-like case

Compressing the problem

Second step

Find u(x) such that
h - rev,—1(u(z)) modz™ = P - X +5

<P 1.h- revy—1(u(r)) — P~1.5=Xmod 2"
P invertible mod z™:

P~'h mod z™
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Structured linear system: Toeplitz-like case

Compressing the problem

Second step

Find u(x) such that
h - rev,—1(u(z)) modz™ = P - X +5

< P! h-orevy_i(u(z)) — P! -5= A mod z"
P invertible mod z™:
P~'h mod z™

K basis of the right kernel
{k € K[z]*t+! | [I5 —E] -k =0}
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Structured linear system: Toeplitz-like case

Compressing the problem

Second step

Find u(x) such that
h - rev,—1(u(z)) modz™ = P - X +5

< P! h-revp_1(u(z)) —P~! 5= X mod 2™
P invertible mod z™:
P~1h mod z™
K basis of the right kernel

{k €Klz]**! [ [P —h] -k =0} K = H
——

full rank
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Structured linear system: Toeplitz-like case

Compressing the problem

Second step

Find u(x) such that
h - rev,—1(u(z)) modz™ = P - X +5

<P 1.h- revy—1(u(r)) — P~1.5=Xmod 2"

P invertible mod z™:

P~1h mod z™ 1~ tu mod z™
K basis of the right kernel
_ _ u
{k e Klz]*t! [ [P —h]-k=0} K = M
~——

full rank
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Structured linear system: Toeplitz-like case

Compressing the problem

Second step

Find u(x) such that
h - rev,—1(u(z)) modz™ = P - X +5

<P 1.h- revy—1(u(r)) — P~1.5=Xmod 2"

P invertible mod z™:
O(a*~ ' M(n) log(n/a))

P~1h mod z™ . 1~ tu mod z™
[Zhou, Labahn, Storjohann 2012]

K basis of the right kernel

_ _ u
{k e K[z]*t | [P —h] - k=0} K = M
~———
full rank
Find u(z) such that Compression Find u(x) such that
h-rev,_1(u(z)) mod 2™ =P -X+35 P~—1h rev,,_1(u(z))—P~1'5 = X mod z”

Sara Khichane (Sorbonne Université) Matrices with displacement structure: a deterministic approach



Structured linear system: Toeplitz-like case

Simultaneous M-Padé approximation
Third step

Find u(x) such that
P=1.h-revp_i(u(xz)) — P~1 -5 = Xmod z™

<P toh-revy—1(u(z)) = (Pt -5+ )) mod z™
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Structured linear system: Toeplitz-like case

Simultaneous M-Padé approximation
Third step

Find u(x) such that
P=1.h-revp_i(u(xz)) — P~1 -5 = Xmod z™
< Pl.h revp_i(u(z)) = (P~1-5+A) mod 2
FeK[z]ax1 veK[z]™
fi(z) - revy—1(u(z)) =(vi(z) + A1 (x)) mod z™
fa(x) - revy—1(u(z)) =(va(z) + X2(z)) mod z™

{

fa(z) -reva—1(u(z)) =(va(x) + Ao (z)) mod 2™
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Structured linear system: Toeplitz-like case

Simultaneous M-Padé approximation
Third step

Find u(x) such that
P=1.h-revp_i(u(xz)) — P~1 -5 = Xmod z™

< Pl.h revp_i(u(z)) = (P~1-5+A) mod 2

——
FEK[z]@x1 veK[z]™
fi(z) - revy—1(u(z)) =(vi(z) + A1 (x)) mod z™ S degree &1
fa(x) - revy—1(u(z)) =(va(z) + X2(z)) mod z™ E degree 52
P j—
fa(z) -reva—1(u(z)) =(va(x) + Ao (z)) mod 2™ o degree dq

with respect to the degrees d = (n — d1,...,m — da,m — d.).

SimultMPade: Find a partial basis of solutions for {F - rev,,—1(u(x)) = (v + \) mod 2"}
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Structured linear system: Toeplitz-like case

Simultaneous M-Padé approximation
Third step

Find u(x) such that
P=1.h-revp_i(u(xz)) — P~1 -5 = Xmod z™

< Pl.h revp_i(u(z)) = (P~1-5+A) mod 2

——

FEK[z]@x1 veK[z]™
fi(z) - revy—1(u(z)) =(vi(z) + A1 (x)) mod z™ S degree &1
fa(x) - revy—1(u(z)) =(va(z) + X2(z)) mod z™ o o o o degree 6>

fa(z) -reva—1(u(z)) =(va(x) + Ao (z)) mod 2™

with respect to the degrees d = (n — d1,...,m — da,m — d.).

SimultMPade: Find a partial basis of solutions for {F - rev,,—1(u(x)) = (v + \) mod 2"}

Find u(x) such that SimultMPade
= 5. < ———— % Output rev,—1(u(z))
P~th rev,—1(u(z)) — P7's = X mod =™
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Structured linear system: Toeplitz-like case

Toeplitz-like linear system

Overview of the deterministic algorithm

LinearSystem[Toeplitz-like, ] (G, H, v)

Using generators of A, find u such that A - u = v
IE?:l L (Gui) - Um (Huz) -u=v

Find w(z) such that
> gi(z) - (hi(z) - u(z) quo 1‘”_1) mod z™ = v(z)

VectorMPade O(a® ™1 . m)
[Jeannerod, Neiger, Villard 2020]

O(a®~1 . n) Find w(z) such that
Deterministic h - rev,_1(u(z)) mod 2™ = P - X + 3§
Compression O(a® ™1 - n)

[Zhou, Labahn, Storjohann 2012]
Find w(z) such that
P! .h.rev,_1(u(z)) = (P™! .5+ X) mod z"

SimultMPade O(a¥ ™1 . n)
[Rosenkilde, Storjohann 2021]

< Output revy,—1(u(x))
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Nullspace and rank

Nullspace and rank
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Nullspace and rank

Nullspace

The case where v = 0

A € Kmxn

Problem 2:
Nullspace[Toeplitz-like, o] (G, H)

Find{z € K**! : A.z = 0}
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Nullspace and rank

Nullspace

The case where v = 0

A € Kmxn
Problem 2:
Nullspace[Toeplitz-like, o] (G, H)
Find{z € K™ : A.z = 0}
Step zero:
) . Polynomial Find Z(CL‘) such that
Nullspace[Toeplitz-like, a] (G, H) formulation N
Find {z € K"*1 : A.z = 0} Zgz @) - (hi(x) - 2(2) quo &™)
= Omod a™
gz(T) /1,,‘(,’1‘) U,(,I‘) 0
G 0 .0 Hni Hponi 0 Haemgn o0 Hu i 0
Ga; Gi; - 0 0 Hyi o Haemy2)i o Haz 22 0
Gmi Gm—1) Gy 0 0 Mo ot Zn 0

Sara Khichane (Sorbonne Université) Matrices with displacement structure: a deterministic approach



Nullspace and rank

Nullspace
The case where v = 0
A € Kmxn
Problem 2:
Nullspace[Toeplitz-like, o] (G, H)
Find{z € K™ : A.z = 0}
First and second steps:
e P € K[z]**® a Popov basis of {q € K[z]**! | F-q = 0 mod 2™}

@ No specific solution, i.e. s = 0.

Find z(x) such that

Zgz(x) . (hl(:r) - z(x) quo x"_l)
7=1

= Omod z™

VectorMPade Find z(z) such that
~revp—1(z(x)) mod ™ = P - X

=]

Find Z(.’l‘) such that Compression Find Z(:D) such that
_ | g, B
h-revy,—1(2(z)) mod 2™ = P - X\ P~1h rev,—1(2(z)) = A mod z™

May 28th, 2026 16 / 20
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Nullspace and rank

Nullspace

The case where v = 0

A e Km)(n
Problem 2:
Nullspace[Toeplitz-like, o] (G, H)
Find{z € K™ : A.z = 0}
Third step:
Find z(x) such that i
(@) M} Output revy—1(2(x))

P~=1h rev,,—1(2(z)) = X mod z™

Output: a partial basis with respect to the degrees d = (n — d1,...,n — d2,n — 0..).

degree o )\1(35) < degree n — 41

dearee o /\2(1) < degree n — d2
P=

degree J, )\a(x) < degree n — d
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Nullspace and rank

Nullspace

The case where v = 0

A e Km)(n
Problem 2:
Nullspace[Toeplitz-like, o] (G, H)
Find{z € K™ : A.z = 0}
Third step:
Find z(x) such that i
(@) M} Output revy—1(2(x))

P~=1h rev,,—1(2(z)) = X mod z™

Output: a partial basis with respect to the degrees d = (n — d1,...,n — d2,n — 0..).

degree 03 A1 (z) < degree n — 0,
degree d2 ,\2(1) < degree n — d2
P=
Aa(z)

The nullspace of A is generated by the set {Zle ztdi~tipq; | q; € Klz]<y, for 1 <i < E}.
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Nullspace and rank

Displacement generators of the nullspace

Structure of the nullspace basis

A e Km)(’ﬂ
The nullspace of A is generated by the set

{Zezl an~di~tip;q; | q; € Kla]<y, for 1 <i < 5}

7

{N'y ekK*xl |y e KEf=1 ti}
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Nullspace and rank

Displacement generators of the nullspace

Structure of the nullspace basis

A g Kmxn
The nullspace of A is generated by the set
{Zezl z"~di~tipiq; | ¢ € Kla]<y, for 1 < < e}
‘
{N'y ekK*xl |y e K2i=1ti}
q1
: P11 0 e 0 Pe1 0 e 0
qity P12 P11 e 0 Pe2 pe1 0
vy = N = [N1 - Nd = pl.,l] pld_li‘ P;l m_dt md_lﬂ p}l
an : : : : : :
: 0 0 0 0 0 0
ety
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Nullspace and rank

Displacement generators of the nullspace

Structure of the nullspace basis

A G Km)(’ﬂ
The nullspace of A is generated by the set
{Zezl zn=di~tipq; | q; € Klz]<y, for 1 <4 < e}
‘
{N'y ekK*xl |y e K2i=1ti}
q1
: P11 0 -0 Pe1 0 0
qity P12 P11 e 0 Pea pe1 0
7= N =[N - NJ = Py P, i pra, e, ver
an . . . . ; .
: 0 0 0 0 0 0
ety

N has a Toeplitz-like structure (displacement rank ¢), i.e., A[S"’SE‘f_l ti](N) =GHT

Sara Khichane (Sorbonne Université)
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Nullspace and rank

Displacement generators of the nullspace

Structure of the nullspace basis
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The nullspace of A is generated by the set
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Nullspace and rank

Rank
The linear independence of the basis
A € Kmxn

Problem 3:
Rank|[Toeplitz-like, (G, H)
Find the rank of A

4 € Kz]<y, for 1 <i < z}

T

{N’y ekl |y ¢ KZi=1 ti}

The nullspace of A: {Zle an—di—tip.q;
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Rank
The linear independence of the basis
A € Kmxn

Problem 3:
Rank|[Toeplitz-like, (G, H)

Find the rank of A
4 € Kz]<y, for 1 <i < z}

T
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The nullspace of A: {Zle i tipg;
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Rank
The linear independence of the basis
A € Kmxn

Problem 3:
Rank|[Toeplitz-like, (G, H)

Find the rank of A
4 € Kz]<y, for 1 <i < e}

T

{N’y ekl |y ¢ KZi=1 ti}

The nullspace of A: {Zle i tipg;

Ny = 0

P is column reduced
and has small degrees
p1 p2 - Py

Matrices with displacement structure: a deterministic approach

Sara Khichane (Sorbonne Université)



Nullspace and rank

Rank
The linear independence of the basis
A € Kmxn

Problem 3:
Rank|[Toeplitz-like, (G, H)

Find the rank of A
4 € Kz]<y, for 1 <i < e}

T

{N'y €KXl |y e KXim ti}

The nullspace of A: {Zle i tipg;

Ny = 0 vy =0
Predictable degree property

Vi, pigi = 0
cdeg_ i (Pq) = cdeg_.(q)

P is column reduced
and has small degrees
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Nullspace and rank

Rank

The linear independence of the basis

A € Kmxn

Problem 3:
Rank|[Toeplitz-like, (G, H)

Find the rank of A
4 € Kz]<y, for 1 <i < e}

T

{N'y ekl |y € KZi=1 ti}
\%/—/

N has full rank

The nullspace of A: {Zle i tipg;

Ny = 0 =0
7 = rank(A) = n — f:1 t; R
Vi, pigi = 0 Predictable degree property
P is column reduced cdeg_pirt(Pq) = cdeg_(q)
and has small degrees
q1(x)

pr p2 - Pe
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Summary

Structured linear systems, nullspace and rank

Structured approach
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/"7 Find nonzero u € K" such that A-u=v 1 "
’ 1 \
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v Deterministic algorithm !
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N ~: Modular :é ,
\ approximation problems |
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\ 7
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Polynomial approach
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Summary

Structured linear systems, nullspace and rank

Structured approach

LinearSystem[¢, (G, H, v)
Find nonzero u € K"*! such that A-u = v

Nullspace[¢, a(G, H) Rank[¢, o(G, H)
Find {z € K®*! : A.z = 0} Find the rank of A
. ,

Modular [P
approximation problems |

Polynomial approach
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Conclusion

Perspectives

@ Extend our result to more general displacement
operators,

Vdm-transposed-like

AP, Q]

Vandermonde-like

Cauchy-like Hankel-like Hankel-like
Vdm-transposed-like
Vandermonde-like Toeplitz-like
A ., —
—r
Vandermonde-like T Hankel-fie
Vdm-transposed-like
Cauchy-like Toeplitz-like Toeplitz-like

Vandermonde-like

VI[P, Q]

Vdm-transposed-like
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Conclusion

Perspectives
@ Extend our result to more general displacement o Compute the inverse (Jeannerod
operators, 2025) and determinant,
AP, Q) Vdm-transposed-like R ~
Vandermonde-like i LinearSystem[¢, a(G, H, v) !
Cauchy-like Hankel-like Hankel-like . Find nonzero u € Knx1 1
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1
1
i . |
__ Vandermonde-like — Toeplitzlike . Nullspace[¢, a] (G, H) !
S, [ .
- Find {z€ K"*! : A-z=0} !
Vandermondelike T Hankel-fike | .
|
|
Vdm-transposed-like : Rank[¢, a](G, H) :
Cauchy-like Toeplitz-like Toeplitz-like " Find the rank of A '
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Vdm-transposed-like
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Vandermonde-like
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ARYRNN

@ Study cases with multiple nested structures d\z \\

eg., F=[1,p,p%, ...,p™ 1] for some p € K|[z]. \ \
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